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Abstract
It is proved that a finite group G = AB which is a product of a nilpotent subgroup A and a subgroup B
with non-trivial center contains a non-trivial abelian normal subgroup.
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1. Introduction
A finite group G is factorized if G = AB is the product of two proper subgroups A and B , i.e.
every element g of G can be expressed in the form g = ab for some a ∈ A, b ∈ B . The famous
W. Burnside pα-lemma is perhaps the first important result about factorizations of groups. This
is used in the proof of the solubility of groups of order paqb [5], which is also a theorem about
factorized groups. Using a surprisingly short commutator calculation N. Ito proved in [12] that
every group which is the product of two abelian subgroups is metabelian, and H. Wielandt [23]
and O. Kegel [17] showed the solubility of every product of two finite nilpotent groups. Some
further developments about factorized groups can be for instance found in [3]; see also [4].
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Theorem. Let the finite group G = AB be the product of a nilpotent subgroup A and a sub-
group B . Then the normal closure of the center Z of B is a soluble subgroup of G. In particular,
if Z is non-trivial, then G contains a non-trivial abelian normal subgroup.
For the proof of this theorem we will study a minimal counterexample G, and show that G has
a simple socle L. Then we heavily use the classification of all maximal factorizations of finite
almost simple groups by M. Liebeck, C. Praeger and J. Saxl (see [20]). This result depends on
the Classification of Finite Simple Groups. If L is an exceptional group of Lie type we apply
results of [10]; if L is a classical group we use some known facts about soluble subgroups of
these groups containing an element of prime order for some specially chosen prime. In most
of the cases the arising possibilities are excluded by a result of Kazarin [15] concerning the
factorization of a group by an r-decomposable subgroup with cyclic Sylow r-subgroup for a
prime r and a group with non-trivial center.
In the following all groups are finite. The notation is standard and follows [9], [20], and [6].
p is always a prime. The largest power of p dividing the number n is denoted by np . In particular,
if G is a finite group with Sylow p-subgroup Gp , then |Gp| = |G|p .
2. Preliminaries
Let n be a positive integer and p a prime. A prime r is said to be primitive with respect to
the pair {p,n} if r divides pn − 1 but r does not divide pe − 1 for every integer e such that
1 e < n.
The following lemma of Zsigmondy [25] is useful for our considerations.
Lemma 2.1.
(i) If N = pn − 1, n 2, then there exists a prime r dividing N which is primitive with respect
to the pair {p,n}, unless n = 2 and p is a Mersenne prime or {p,n} = {2,6}.
(ii) If the prime r is primitive with respect to the pair {p,n}, then r − 1 ≡ 0 (mod n). In partic-
ular r  n+ 1.
The proof of the following lemma can be found in [22].
Lemma 2.2. If n 18, then there are at least two primes r, s such that n/2 < s < r  n.
The next lemma is well known.
Lemma 2.3 (Frattini argument). Let G be a finite group, N its normal subgroup and S is a Sylow
p-subgroup of N . Then G = NNG(S).
The following lemma about triply factorized groups can be found for instance in [13].
Lemma 2.4. Let G be a finite group having a normal subgroup N and two subgroups A and B
such that G = AB = AN = BN . Then
|G/N | = |N ||A∩B||N ∩A||N ∩B| .
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Lemma 2.5. Let G = A × B be a group which is a direct product of two subgroups A and B .
If U is a nilpotent subgroup of G of maximal order and m1, m2 are maximal orders of nilpotent
subgroups of A and B , respectively, then |U |m1m2.
Proof. Clearly UA/AG/A  B and hence its order does not exceed m2. On the other hand,
U ∩A is a nilpotent subgroup of A. Hence |U ∩A|m1. Since |U | = |U/(U ∩A)||U ∩A| and
UA/A  U/(U ∩A) the statement follows. 
Let G = N1 × N2 × · · · × Nk be a direct product of subgroups isomorphic to a group L. We
may consider G as a set of elements of the form (g1, g2, . . . , gk), where gi is in L for every i. Let
Φ = {φ1, φ2, . . . , φk} be a set of automorphisms of L. Then the subgroup D = D(φ1, φ2, . . . , φk)
of G consisting of all elements of the form (gφ1 , gφ2, . . . , gφk ), where g is in L, will be called
the diagonal subgroup of G with respect to the set Φ . For a fixed set Φ , we will simply use the
word diagonal subgroup of G.
Lemma 2.6. Let G = N1 × N2 × · · · × Nk be a direct product of subgroups isomorphic to a
simple non-abelian group L and Φ = {φ1, φ2, . . . , φk} be the set of automorphisms of L. If D
is a diagonal subgroup of G with respect to Φ , then D is maximal among subgroups of G
containing no subgroup Ni .
In our calculations we also need the following simple fact.
Lemma 2.7. Let q = pm be a power of the prime p. Then for every natural number n the follow-
ing inequality holds: 2n logp q  qn.
The next statements are well known.
Lemma 2.8.
(i) Let G be a transitive nilpotent permutation group on the set Ω with |Ω| = n. Then
π(G) ⊆ π(n).
(ii) If G is a nilpotent subgroup of a symmetric group Sn, then |G| 2n.
Proof. (i) Let z be an element of prime order in Z(G) and Δ be the set of fixed points of z
on Ω . Then for every α ∈ Δ and g ∈ G we have αg = αzg = (αg)z. Since G is transitive on Ω ,
it follows that z fixes all points in Ω , and so z = 1.
Hence Δ = ∅ and z acts semiregularly on Ω . Let {Δ1,Δ2, . . . ,Δk} be the set of all orbits
of 〈z〉 on Ω . From the transitivity of G on Ω it follows that n = kp. Moreover, G induces a
transitive permutation group G/N on the set Ω̂ = {Δ1,Δ2, . . . ,Δk}, where N is the subgroup
fixing every Δi . An induction argument concludes the proof.
(ii) The assertion is true if |Ω| = n = 2. Suppose that G is intransitive on Ω . Then Ω =
Δ1 ∪Δ2 where Δi are G-invariant. Denote by Gi the restriction of G on Δi (i ∈ {1,2}). Clearly
|G| |G1||G2|. By induction |Gi | 2ni (n1 + n2 = n). Hence |G| 2n. Now we may assume
that G is transitive on Ω . Let P be a Sylow p-subgroup of G for some prime p dividing |G|
and Γ be an orbit of P on Ω . Since P is normal in G it follows that Γ g is also an orbit of P
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on the set of orbits of P . Hence |G| = |P ||H | where H is a transitive nilpotent subgroup of a
symmetric group of degree k and P is a nilpotent subgroup of a symmetric group of degree t .
If k > 1, then by induction |G| 2t2k = 2k+t  2n. Suppose that k = 1. Then the result follows
from the number-theoretical fact n!p  p
n−1
p−1
. 
The next three lemmas are special cases of our theorem (see [14–16]).
Lemma 2.9. Let G = AB be the product of an abelian subgroup A and a subgroup B . Then the
normal closure of the center of B is a soluble group.
Lemma 2.10. Let the group G = AB with cyclic Sylow r-subgroup for the prime r be the product
of a subgroup A such that Or(Z(A)) is non-trivial and a subgroup B . Then the normal closure
of the center of B is an r-soluble group.
Lemma 2.11. Let the group G = AB be the product of a p-subgroup A and a subgroup B . Then
the normal closure of the center of B is a soluble group.
In the proof of our theorem we need the description of the socle L of an almost simple group
G = AB , which is factorized by two proper maximal subgroups A and B not containing L.
In [20] the “large” normal subgroups of L∩A and L∩B are determined explicitly.
Lemma 2.12. Let G = AB be an almost simple group with socle L, which is the product of two
maximal subgroups A and B not containing L. Then L is one of the following groups: Ln(q),
n  2; PSp2n(q), n  2; PΩ±2n(q), n  4; PΩ2n+1(q), n  3, q odd; U2n(q), n  2; F4(q);
G2(q) (q is always a power of a prime p); U3(q), q ∈ {3,5,8}; U9(2); an alternating group An,
n 5 or one of the following sporadic simple groups: M11; M12; M22; M23; M24; J2; HS; He;
Ru; Suz; Fi23; Co1.
3. Some subgroups of non-abelian finite simple groups
In the sequel we will deal with the list of non-abelian finite simple groups as in [20]. These
groups can be divided in the following families:
• Groups of Lie type (classical and exceptional). Here q = pm for some prime p (the charac-
teristic of the ground field).
– Classical groups: Ln(q), n 2; Un(q), n 3; PSp2n(q), n 2; PΩ2n+1(q), n 3, q odd;
PΩ+2n(q), n 4; PΩ
−
2n(q), n 4.
– Exceptional groups: G2(q); F4(q); E6(q); E7(q); E8(q); 2E6(q); 3D4(q); 2B2(q),
p = 2, q = 22c+1 > 2; 2G2(q), p = 3, q = 32c+1 > 3; (2F4(q))′, p = 2, q = 22c+1.
• Alternating groups An, n 7.
• The 26 sporadic simple groups.
Note that the group 2F4(2) is not simple and its commutator subgroup has index 2.
The above subdivision is necessary to avoid repetitions. For instance we regard A5 and A6
mainly as the linear groups L2(5) and L2(9), respectively.
Let L be a simple group of Lie type over a field GF(q) of characteristic p.
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the centralizer of an element of order r as follows.
(1) If L = Ln(q), q = pm, n 3, then let r be a prime which is primitive with respect to the pair
{p,mn} (thus r divides qn − 1). In this case the order of T is |T | = qn−1
(n, q−1)(q−1) . If n = 6
and q = 2, then |T | = r = 31 = 25 − 1, whereas if n= 3 and q = 4, then |T | = r = 7.
(2) If L = PSp2n(q), q = pm, n 3, then let r be a prime which is primitive with respect to the
pair {p,2mn} (so r divides qn + 1). Then the order of T is |T | = qn+1
(2, q−1) .
(3) If L = PΩ−2n(q), q = pm, n 4, then let r be a prime which is primitive with respect to the
pair {p,2mn} (so r divides qn + 1). The order of T is |T | = qn+1
(4,qn+1) .
(4) If L = PΩ+2n(q), q = pm, n 4, then let r be a prime which is primitive with respect to the
pair {p,2m(n − 1)} (so r divides qn−1 + 1) unless n = 4. If n = 4, then let r be a prime
which is primitive with respect to the pair {p,3m}. The order of T divides (qn−1 +1)(q +1)
for n 5 and |T | divides (q3 − 1)(q − 1) for n = 4.
(5) If L = PΩ2n+1(q), q = pm, n  3, then let r be a prime which is primitive with respect
to the pair {p,2mn} (so r divides qn + 1) in all cases with the exception q = 2, n = 3.
In the remaining case r = 7. Then the order of T divides 2(qn + 1). If n = 3, q = 2, then
r = |T | = 7.
(6) If L = Un(q), q = pm, n  3, then let r be a prime which is primitive with respect to the
pair {p,2mn} if n is odd (so r divides qn + 1), and to the pair {p,2m(n − 1)} if n is even
(here r divides qn−1 + 1). The order of T is |T | = qn+1
(n,q+1)(q+1) for odd n and |T | = q
n−1+1
(n, q+1)
for even n.
If L is an exceptional group we define a special prime r = r(L) and a subgroup T of L
containing the centralizer of an element of order r as follows.
(7) If L = G2(q), then let r be a prime divisor of q2 −q+1 for q ≡ 1 (mod 3) and of q2 +q+1
if q ≡ 1 (mod 3). Then |T | = q2 ∓ q + 1.
(8) If L = F4(q) or 3D4(q), then let r > 3 be a prime divisor of q4 − q2 + 1. Then |T | =
q4 − q2 + 1.
(9) If L = 2G2(q), then let r be a prime divisor of q2 −√3q + 1 (where q is a power of 3). In
this case |T | = q2 − √3q + 1.
(10) If L = 2B2(q), then let r be a prime divisor of q − √2q + 1. Then |T | = q − √2q + 1.
(11) If L = 2F4(q), where q > 2 is a power of 2, then let r be a prime divisor of q2 +
√
2q3 +
q + √2q + 1. Then |T | divides q4 − q2 + 1. If L  2F4(2)′, then r = 13.
(12) If L = E6(q) or L = 2E6(q), then let r be a prime divisor of (q6 + 	q3 + 1)/(3, q − 	 · 1),
where 	 = 1 for L = E6(q) and 	 = −1 for L = 2E6(q). Then |T | divides q6 + 	q3 + 1.
(13) If L = E7(q), then let r be a prime divisor of (q6 − q3 + 1)/(3, q + 1). Then |T | divides
(q6 − q3 + 1)(q + 1).
(14) If L = E8(q), then r is a prime divisor of q8 − q4 + 1. Then |T | divides q8 − q4 + 1.
The following lemma due to Borel and Tits is contained in [20].
Lemma 3.1. Let L be a simple group of Lie type over a field of characteristic p and X be a
p-local subgroup of L. Then X is contained in a maximal parabolic subgroup of L.
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isomorphic to L2(q), and let r be a special prime as above and t ∈ L an element of order r . Then
the following holds.
(i) |CL(t)|3 < |L|. Every nilpotent subgroup of L whose order is divisible by r has order less
than |L|1/3.
(ii) p does not divide |CL(t)|.
(iii) The order of the outer automorphisms group of L is not divisible by r .
Proof. (i) follows from the description of the orders of the simple groups of Lie type [20] and
the orders of the centralizers of elements of order r = r(L). For the classical groups this can be
proved directly by using Lemma 4.2 (see also Lemmas 2.5–2.8 from [2]) and the properties of
the Singer cycles in GLn(q) (see for instance [9]). For the exceptional groups of Lie type we may
use the corresponding results from [1] (Tables 2 and 3), [24], [19] and [6] (for small groups of
Lie type).
(ii) follows from the description of the orders of the maximal parabolic subgroups of L and
results from [11] and [18]. Indeed, if p divides |CL(t)|, then there exists an element y ∈ L of
order p such that t ∈ CL(y). Since every p-local subgroup of a simple group of Lie type over a
field of characteristic p is contained in some maximal parabolic subgroup of L by Lemma 3.1,
then r divides the order of some maximal parabolic subgroup of L. On the other hand, the orders
of the maximal parabolic subgroups can easily be determined from the Dynkin diagram of the
corresponding group of Lie type. For this it is enough to delete one node of the Dynkin diagram
of L. The remaining part of the Dynkin diagram describes the Levi factors of the parabolic
subgroup (see for instance [7]). The proof is finished by the choice of r .
(iii) follows from the definition of r , the description of the orders of the outer automorphism
groups in [20] and Lemma 2.1(ii). 
The next lemma follows from well-known properties of the sporadic simple groups (see for
instance [24] and [20]).
Lemma 3.3. Let L be a sporadic simple group. Then there exists a prime r such that the Sy-
low r-subgroup T of L is cyclic, T = CL(T ) and |T |3 < |L|. The order of the group of outer
automorphisms of L is at most 2.
Lemma 3.4. Let L be an alternating permutation group of degree n  7. Then there exists a
prime r such that the Sylow r-subgroup T of L is cyclic, CL(T ) T × Sn−r , and the order of
every nilpotent subgroup H containing T satisfies |H |3 < |L|. The order of the group of outer
automorphisms of L is 2.
Proof. By Lemma 2.2 there exists a prime r such that n/2 r  n provided n 18. An inspec-
tion of all other cases shows that this is true for all n 5. It follows from the choice of r that the
Sylow r-subgroup of L is cyclic and clearly CL(T ) T × Sn−r . Thus we may choose r so that
r > n/2. Let H be a nilpotent subgroup of L with T ⊆ H . Clearly the order of H is bounded by
rdn−r , where dn−r is the maximal possible order of a nilpotent subgroup of the group Sn−r . By
Lemma 2.8 dn−r  2n−r .
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If n 24, then the lemma is true, so that r  12 and n  25. It is easy to see that 22n < n!/2
if n 25. Thus |H |3 < n!/2.
Since the order of the outer automorphism group of an alternating group of degree n 7 is 2,
the lemma is proved. 
Lemma 3.5. Let L = L2(q) be a non-abelian simple group, where q is a power of the prime p.
Then the order of every nilpotent subgroup H of L satisfies |H | q + 1 The order of the outer
automorphism group of L is (q − 1,2) logp q .
Proof. By a theorem of Dickson the order of a maximal nilpotent subgroup H of L is at most
q + 1 (see [9, Chapter II]). The statement concerning the automorphism group of L is contained
in [20]. 
Lemma 3.6. Let L be a non-abelian simple group and r be a prime dividing |L|. Then |L| 
r|Out(L)|.
Proof. This follows from an inspection of the orders of the non-abelian simple groups and their
outer automorphisms groups (see for instance [20]). 
Lemma 3.7. Let L be a simple group of Lie type over a field of characteristic p and P a Sylow
p-subgroup of L. If U is a nilpotent subgroup of L, then |U | < |L : P |.
Proof. Let S be a Sylow p-subgroup of U . It is well known that there is a Sylow p-subgroup
of L which has trivial intersection with some Sylow p-subgroup of L containing S. Hence we
may assume that S ∩ P = 1. This implies P ∩U = 1, and the lemma follows. Since the product
of two nilpotent groups is soluble by Kegel and Wielandt theorem, even the strong inequality
holds. 
We need also some information about the automorphisms of a simple group of Lie type. For
the notions and properties of the field, graph and diagonal automorphisms see [8, Chapter 3]. The
proof of the following statement is (7-2) of [8].
Lemma 3.8. Let L be a simple group of Lie type over a field of characteristic p and φ be an
automorphism of prime order of L which is a field or graph-field automorphism in Aut(L) = K .
If φ′ is an automorphism of order |φ| of a coset Inndiag(L)φ, then φ′ is a field or a graph-field
automorphism of L, respectively.
Let L be a simple complex Lie algebra and q a power of the prime p. We write G = L(q)
if the group G is of normal type (adjoint version). For a twisted group we will use the notation
dL(q), where d is the order of the symmetry of the Dynkin diagram involved in the twist and G is
defined over the field GF(q). (In the case of Steinberg variations, L is the connected component
of 1 in the group of fixed points of a graph-field automorphism of L(qd) of order d .)
The proof of the following statement is (9-1) of [8].
Lemma 3.9. Let G be a simple group of Lie type over a field of characteristic p and z be an au-
tomorphism of G of prime order s which is a field automorphism of Aut(G) = H . If C = CG(z),
C0 = Oq ′(C) and G = dL(qn) for some d,L, and n, then C0  dL(qn/s).
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The next lemma follows from the description of the orders of the automorphisms of the clas-
sical simple groups.
Lemma 4.1. Let L be a classical simple group over the field F = GF(pm) and r be a prime
which is primitive with respect to the pair {p,nm}. If L is a section of Ln(pm), then r does not
divide |Out(L)|.
The following result concerning the structure of the maximal soluble subgroups of the general
linear group is due to D.A. Suprunenko [21, §§ 18–21].
Lemma 4.2. Let G be a maximal soluble subgroup of L = GL(n, q), where q is a power of the
prime p. Then one of the following holds.
(i) G is a reducible subgroup of L.
(ii) G is a subgroup of the wreath product K  S, where K is a primitive maximal soluble
subgroup of a group GL(k, q), S is a transitive soluble subgroup of the symmetric group Sm
of degree m for m> 1 and n = mk.
(iii) There exists a chain 1 ⊆ F ⊆ A ⊆ V ⊆ G of normal subgroups in G with the following
properties:
(a) F is a cyclic group of order qk − 1;
(b) A/F is an abelian group of order n2k−2 for k | n with elementary abelian Sylow s-
subgroups for every prime s ∈ π(A/F) and π(A/F) ⊆ π(qk − 1);
(c) V/A Aut(A/F). Moreover, if nk−1 = rm11 rm22 . . . rmll is the canonical decomposition
of the number nk−1, then V/A is isomorphic to a soluble subgroup of the direct product
of l groups isomorphic to Sp(2mi, ri);
(d) |G/V | k.
(iv) G  K ⊗ S where K is a maximal soluble subgroup of GL(k, q), S is a maximal soluble
subgroup of GL(s, q) and sk = n.
Note that the case (ii) of Lemma 4.2 corresponds to an imprimitive maximal soluble subgroup
of the group GL(n, q).
Lemma 4.3. Let r be a prime which is primitive with respect to the pair {p,mn}. If G is a
maximal irreducible soluble subgroup of the general linear group GL2n(q) with q = pm whose
order is divisible by r , then one of the following holds.
(i) G = C D is a semidirect product of a cyclic normal subgroup C of order q2n − 1 and a
cyclic subgroup D of order 2n;
(ii) G = H B is a wreath product of the subgroups H and B where H = U Y is a semidirect
product of a cyclic subgroup U of order qn − 1, Y is a cyclic subgroup of order n and B is
of order 2;
(iii) n = 2e, r = 2e+1 + 1 or r = 2e + 1 is a Fermat prime, m  2 and |G| divides
4(q2 − 1)n2r log2 2n;
(iv) n = 2, r = 3, q = p;
(v) G = K ⊗ S is a Kronecker product of the groups K GLn(q) and S GL2(q).
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Suppose first that G is imprimitive, i.e. case (ii) of Lemma 4.2 holds. Then G is a subgroup
of K  Γ , where K  GLk(q) is a maximal primitive soluble subgroup and Γ  Sd such that
dk = 2n. It follows from Lemma 2.1 that r divides |K| (dk = 2n) only if k = n or 2n. By
Lemma 4.2 one of the statements (i) or (ii) holds.
Suppose that r does not divide |K|. Then r divides |Γ |. Clearly k = 1 and q = p. It follows
from Lemma 4.2 that Γ is a transitive subgroup of S2n. Since r ≡ 1 (mod n) it is obvious that Γ
is a primitive subgroup of S2n. In this case every non-trivial normal subgroup of Γ is transitive
of degree 2n. Hence n = 2e is a power of 2 and Γ is a subgroup of AGL(e + 1,2). It follows
from the order formula of this group that r divides 2e+1 − 1 = 2n− 1, which is only possible if
n = 2, r = 3. Thus statement (iv) holds.
Now let G be primitive. As in Lemma 4.2(iii), there exists a chain
F A V G
of normal subgroups of G with the following properties:
|F | = qk − 1, |A/F | = (2n/k)2 and every prime divisor of 2n/k divides qk − 1. Let s be a
prime divisor of 2n/k such that sd divides 2n/k and |Sp2d(s)| is divisible by r .
It follows from the order formula for the symplectic groups that r  sd +1 2n/k+1. Since
r ≡ 1 (mod n) we have k = 1 or k = 2. If k = 1 then r = 2n+ 1. In this case it is easy to see that
n = 2e and r = 2e+1 + 1. It follows from Lemma 2.3 that r divides p2n − 1. This implies m 2,
so that q = p or q = p2. The order of a maximal soluble subgroup of a group Sp2d(2) whose
order is divisible by 2d + 1 divides 2d(2d + 1). This follows from Lemma 4.2 since Sp2d(2) is
a subgroup of GL2d(2) and the subgroup of order 2d + 1 is selfcentralizing in Sp2d(2) (see also
Lemma 2.5 in [2]). Therefore |G| divides (q − 1)2(2n)2r log2 2n and so statement (iii) holds.
If k = 2, then r = 2e + 1 = n+ 1. Hence m = 1, |F | = q2 − 1 and statement (iii) also holds.
Finally statement (v) follows from the last case of Lemma 4.2. This completes the proof. 
Lemma 4.4. Let r be a prime which is primitive with respect to the pair {p,mn}. If G is a
maximal nilpotent subgroup of the general linear group GLk(q) (where n 3, q = pm, k = 2n
or 2n + 1) whose order is divisible by r , then G is abelian. The order of a Sylow p-subgroup
of G divides qn.
Proof. If G is an irreducible linear group with natural module V of degree 2n, then the statement
follows from Lemma 4.3. Hence we may assume that G is a reducible group. Let x ∈ G be an
element of order r . By Maschke’s theorem there exists a basis of V such that x is described by a
matrix of the following form:
x =
(
A 0
0 C
)
,
where A is an irreducible matrix representing an element of order r in GLn(q) and C ∈ GLn(q).
If y ∈ G is contained in the centralizer of x, then y is represented with respect to the same basis
in the form y = ( Y11 Y12
Y21 Y22
)
, where Yij are n× n-matrices.
Therefore
Y11A = AY11, Y12C = AY12, Y21A = CY21, Y22C = CY22.
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Yii = 0 are the powers of a Singer cycle in GLn(q). In this case G is an abelian group. Hence
we may assume that A and C are similar. In particular the element x acts fixed-point-freely on
the natural GF(q)-module V for GL2n(q). Since G is reducible we may assume without loss of
generality that
x =
(
A 0
0 C
)
, y =
(
Y11 0
Y21 Y22
)
.
Moreover, Y21A = CY21. Let U and V be two non-singular matrices in GLn(q) such that UA =
CU and VA = CV . Then V −1U is contained in the centralizer of an irreducible matrix A. By
Schur’s lemma it follows that the set of all n × n-matrices in Mn(GF(q)) permuting with A is
a division algebra over GF(q) which is isomorphic to GF(qn). Hence the order of G divides
qn(qn − 1). It is easy to see that the set of matrices of the form y = ( I 0
Y21 I
)
where I is an n× n-
unit matrix and Y21A = CY21 is an abelian Sylow p-subgroup of G, which is a direct factor of G.
The result follows in the case k = 2n.
Now let k = 2n+ 1. As above we consider an element x of prime order r , which is primitive
with respect to the pair {p,mn}. Then by Maschke’s theorem we may assume that x can be
represented in the following matrix form:
x =
(
A 0 0
0 C 0
0 0 1
)
,
where A is an irreducible matrix representing an element of order r in GLn(q) and C ∈ GLn(q).
A similar calculation shows that an element y of the centralizer of x in G  GLk(q) can be
written with respect to the chosen basis in the form:
y =
(
Y11 Y12 0
Y21 Y22 0
0 0 α
)
,
where α ∈ GF(q) and the matrix ( Y11 0
Y21 Y22
) ∈ GL2n(q) permutes with the matrix (A 00 C ) represent-
ing an element of GL2n(q) of order r . The required statement follows as above. 
Lemma 4.5. Let P be a maximal parabolic subgroup of the group G = PΩ+8 (q) whose order
is divisible by a prime r which is primitive with respect to the pair {p,4m}. Then the order of a
maximal nilpotent subgroup of P is not divisible by q2pr .
Proof. Let P be a maximal parabolic subgroup of G whose order is divisible by the prime r .
It follows from the Dynkin diagram of G that (P/Op(P ))′  L4(q) = X (see for instance [7]).
In particular |Op(P )| = q6. Moreover, the prime divisors of |P : P ′| are contained in π(q − 1).
Therefore we must only show that the group P ′ has no nilpotent subgroups of order q2pr . It
follows from [2, Lemma 2.5], that either r = 5, p = q or a maximal nilpotent subgroup of X
whose order is divisible by r has order dividing q4 − 1. In the case r = 5, q = p we have p =
q = 2. Hence it is enough to show that the centralizer of an element y of order r in Op(P ) has
order not exceeding q2. By the choice of r the minimal irreducible faithful GF(q)-module of y
has dimension 4. Therefore we may assume that either |COp(P )(y)| = q2 or y centralizes Op(P ).
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the latter case cannot occur. The lemma follows. 
Lemma 4.6. Let G be an orthogonal group which is isomorphic either to O2n+1(q), or O+2n(q)
and let n be even. Let V be the natural GF(q)-module of G, and let P be a maximal parabolic
subgroup stabilizing a totally singular subspace of V of maximal dimension whose order is
divisible by a prime r which is primitive with respect to the pair {p,nm}. Then every maximal
nilpotent subgroup of P of order divisible by r has order not divisible by qn/2p.
Proof. We may regard G as a subgroup of GLk(q), where k = 2n or 2n + 1, consisting of
elements preserving a non-singular quadratic form (and its associated bilinear form). Without
loss of generality we may assume that G consists of matrices x ∈ GLk(q) of size k× k satisfying
the equality xΦxt = Φ with Φ = ( 0 I
I 0
)
, where I is an n× n-unit matrix for k = 2n and
Φ =
( 0 I 0
I 0 0
0 0 1
)
,
where I is likewise an n× n-unit matrix for k = 2n+ 1. Here xt denotes the transpose of x. As
in the previous two lemmas we may assume that the element a ∈ G of prime order r which is
primitive with respect to the pair {p,mn} can be written in the form
a =
(
A 0
0 C
)
for k = 2n and in the form
a =
(
A 0 0
0 C 0
0 0 1
)
for k = 2n + 1, where Ar = I = Cr and the matrix A is irreducible. An easy calculation shows
that the maximal reducible p-subgroup centralizing an element a consists of matrices of the form(
I 0
U I
)
for k = 2n, and of the form
(
I 0 0
U I 0
0 0 1
)
for k = 2n + 1 where U + Ut = 0 and UA = CU . Let T be a maximal nilpotent subgroup
of P of order divisible by r . It follows from Lemma 4.4 that the order of a Sylow p-subgroup
of T divides qn. By Schur’s lemma each singular matrix U with the above properties is the zero
matrix.
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lar subspace of dimension n. Then P contains a p-subgroup S normalized by a consisting of
matrices of the form
(
I 0
Y I
)
for k = 2n and of the form
(
I 0 0
Y I 0
0 0 1
)
for k = 2n + 1, where Y is a skew-symmetric n × n-matrix with entries in GF(q). The Sylow
p-subgroup of the centralizer of a in P is a subgroup of S. Let |CS(a)| = qc for some positive
integer c. By Lemma 4.4 c n and S is an elementary abelian group.
Let q be odd. In this case the order of S is qn(n−1)/2. Since every minimal faithful irreducible
GF(q)-submodule of an element a has dimension n, the following equality holds: n(n− 1)/2 =
c + nl for some non-negative integer l. Since |CS(a)| = qc, we have n(n − 1)/2  n + nl and
l  (n − 3)/2. As n is even, this implies l  (n − 2)/2. Hence c  n/2 and so the lemma is
proved in this case.
If q is even, the linear vector space of n × n-matrices with entries in GF(q) satisfying the
condition U +Ut = 0 has dimension n(n+ 1)/2. As above the inequality n(n+ 1)/2 n+ nl
holds. It follows that l  (n−1)/2. Since n is even, we have l  n/2, so that c n/2, as claimed.
The lemma is proved. 
5. The reduction
Throughout this section let G be a minimal counterexample for our theorem. Then the group
G = AB is the product of a nilpotent subgroup A and a subgroup B with non-trivial center. In
this section we show that G is almost simple.
To prove the theorem it suffices to show that for some prime e dividing |Z(B)| an element
of order e from Z(B) is contained in the largest soluble normal subgroup S(G) of G. In the
following let z ∈ Z(B) be of prime order e.
Lemma 5.1. The group G satisfies the following conditions.
(i) S(G) = 1;
(ii) G has the unique minimal normal subgroup N and G = BN ;
(iii) NA〈z〉 = G and Z(B) = 〈z〉 provided NA = G;
(iv) The factor group G/N is nilpotent.
Proof. (i) Assume that S = S(G) = 1. Then G/S = (AS/S)(BS/S) has order less than that
of G and is the product of the nilpotent group AS/S and the group BS/S. Clearly Z(B)S/S
is contained in the center of BS/B . By the minimality of G we have Z(B)  S(G). Hence
S(G) = 1.
(ii) If K and N are normal subgroups of G = AB , then the factor groups G/K and G/N both
have factorizations of the same form as G. By the minimality of G we have that Z(B)K/K 
S(G/K) and Z(B)N/N  S(G/N). Consider the map φ :G → G/K×G/N defined by φ(g) =
(Kg,Ng). If N ∩ K = 1, then the intersection φ(G) ∩ S(G/K × G/N) is non-trivial. This
contradiction to (i) shows that G has a unique minimal normal subgroup N .
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B(BN ∩A). From the choice of G it follows that if BN = G, then z ∈ S(BN) = 1. It is easy to
see that S(BN)∩N  S(N) = 1. Therefore CG(N) = 1. This contradiction shows that G = BN .
(iii) Assume that H = 〈x,A〉 = G for some x ∈ Z(B) \ {1}. By the minimality of G and
Dedekind’s law we have x ∈ S(H) and so xG = xBA = xA ⊆ S(H). Hence S(G) = 1, contra-
dicting (ii). Therefore G = 〈x,A〉 for every x ∈ Z(B).
Suppose that H = AN is a proper subgroup of G. Since NB = G, the element zN is contained
in Z(G/N). Hence AN〈z〉 is a subgroup of G. By the minimality of G this implies that G =
NA〈z〉. If NA = G, then by (i) NA ∩ Z(B) = 1. Since NA is a normal subgroup of index e in
G and therefore Z(B) has order e in this case, statement (iii) follows.
(iv) By (iii) the group BN/N = G/N = (AN/N)Z((B)N/N) is a product of a nilpotent
subgroup and a central subgroup. Hence the factor group G/N is nilpotent. 
Lemma 5.2. If G is not almost simple, then G  Aut(N), where the minimal normal subgroup
N  Le is a direct product of e copies of a non-abelian simple group L and 〈z〉 acts transitively
on the set of all minimal normal subgroups of N .
Proof. It follows from Lemma 5.1 that N = N1 ×N2 × · · · ×Nk is a direct product of minimal
normal subgroups Ni which are isomorphic to some non-abelian simple group L. Since G is not
almost simple, we have k > 1. The group G acts transitively on the set Ω = {N1,N2, . . . ,Nk}.
Moreover, CG(N) = 1 by the previous Lemma 5.1 and hence N G Aut(N).
There exists a partition of Ω in largest imprimitivity blocks Uj (j = 1,2, . . . , r) such that
Uzj = Uj for each j  r and the union of the Uj is Ω . Let Wj be a direct product of all Ni
belonging to Uj . Thus N = W1×W2×· · ·×Wr , where r > 1 is a prime. Clearly N〈z〉 normalizes
each subgroup Wj for j = 1,2, . . . , r . Let R be the subgroup of G consisting of all elements g
such that Ug1 = U1. By Lemma 5.1(ii) and (iii), it follows that RA = RB = AB = G. Lemma 2.4
implies that
r = |G : R| = |R||A∩B||R ∩A||R ∩B| =
|R||R ∩A∩B|
|R ∩A||R ∩B|
|A∩B|
|R ∩A∩B| .
If R ∩A∩B = A∩B , then it follows that R = (R ∩A)(R ∩B). Since |R| < |G| and z ∈ R we
have that z ∈ S(R). On the other hand, N R, and[
S(R),N
]⊆ S(R)∩N ⊆ S(N) = 1.
Therefore CG(N) = 1, contradicting Lemma 5.1(ii).
Thus we may assume that A∩B = A∩B ∩R and so
|R|
|(A∩R)(B ∩R)| = r.
Since every g ∈ G has the form g = ba with b ∈ B,a ∈ A we have |A ∩ Bg| = |A ∩ B| =
|(A∩R)∩ (B ∩R)g|. Therefore r is the number of double cosets in the decomposition of R with
respect to the pair of subgroups (R ∩A,R ∩B).
Define subgroups Ki and Ti for i = 1,2, . . . , r as follows. Let K1 = W1, K2 = W1 × W2,
. . ., Ki = Ki−1 × Wi . Let the subgroup Ti be a direct product of all Wj with j = i. Clearly
Kr = N = KiTi for every i  r . Let A0 = A∩R, B0 = B ∩R. Note that R is a normal subgroup
82 B. Amberg, L. Kazarin / Journal of Algebra 311 (2007) 69–95of G. Since G acts transitively on Ω and each subgroup Wj is normalized by R we see that Ki
and Ti are invariant under R and of course also under A0 and B0. Assume that A0TiB0 = R for
some i  r . Then we have
R/Ti = (A0Ti/Ti)(B0Ti/Ti) = Â0B̂0.
Moreover, Â0  A0Ti/Ti is a nilpotent group and B̂0 = B0Ti/Ti contains the element zTi in its
center. By the minimality of G we have zTi ∈ S(R/Ti). Since N/Ti = WiTi/Ti , it follows that
[z,Wi] ⊆ Ti ∩ Wi = 1. As B acts transitively on the set of all Wj , we obtain the contradiction
[z,N] = 1.
Hence A0TiB0 = R for every i  r . Assume that A0Ki−1B0 = A0KiB0 for some i =
2,3, . . . , r . Then
A0TiB0 = A0Ki−1TiB0 = A0Ki−1B0TiB0 = A0KiB0TiB0 = R.
By the above considerations this is impossible. Hence A0Ki−1B0 = A0KiB0 for every i =
2,3, . . . , r . It follows that the number of double cosets in the decomposition of R with respect to
the pair of subgroups (A0,B0) is at least t + (r − 1), where t is the number of such classes for
A0K1B0. Since the total number is r , we have t = 1 and A0K1B0 = A0B0. Hence
A0T1B0 = A0B0T1B0 = A0K1B0T1B0 = A0K1T1B0 = R.
This contradiction shows that the subgroup 〈z〉 acts transitively on Ω and k = e. 
Lemma 5.3. If the group G is not almost simple, then the following conditions hold.
(i) Z(B) = 〈z〉,
(ii) |G| = |L|ede, where d divides |Out(L)| and |B| = |L|de,
(iii) B is a maximal subgroup of G,
(iv) |A∩N | = |L|e−1|A∩B|
de
.
Proof. (i) By Lemma 5.2 N = N1 × N2 × · · · × Ne is a direct product of e copies of a non-
abelian simple group L, where e = |z| is a prime. Since Z(B) has a subgroup X of index e fixing
each subgroup from the set Ω = {N1,N2, . . . ,Ne}, we see by Lemma 5.2 that X = 1. Therefore
Z(B) = 〈z〉.
(ii) Let M be the kernel of the action of G on Ω . Then N is a subgroup of M and therefore
〈z〉M/M is in the center of G/M , which implies G/M = 〈z〉M/M . Thus G is a subgroup of the
group Ĝ = Aut(L)  Ze which is a wreath product of Aut(L) and a cyclic subgroup of order e.
An easy calculation shows that the centralizer of the element z in the base subgroup of Ĝ is the
diagonal subgroup D of the direct product of e copies of groups isomorphic Aut(L), consisting
of the elements of the form xxz . . . xze−1 . Thus CN(z) = D ∩ N  L. Hence |CG(z)| divides
|CĜ(z)| = |Aut(L)|e. Since G = M  〈z〉 is a semidirect product of the group M = N(B ∩ M)
and the cyclic group 〈z〉 we have that |CG(z)| = de|L| = |B|, where d = |M/N | divides |Out(L)|
and |G| = |L|ede. This proves (ii).
(iii) Assume that H is a maximal subgroup of G containing B . If N H then G = BN = H
by Lemma 5.1 Hence NH = G and H = (H ∩ N)H by Dedekind’s law. We also have H =
B(H ∩ A) and z ∈ S(H) by the minimality of G. Since B ∩ N is the diagonal subgroup of N
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normal in H . Therefore S(H) ∩ (B ∩ N) = 1. Since the factor group B/(B ∩ N) is nilpotent,
there exists an element b ∈ S(H) of prime order in the center of H . Hence we may replace z by
b and B by H = CG(b). This proves (iii).
(iv) By Lemma 2.4 it follows from AN = A(AN ∩B) that
|AN/N | = |N ||A∩ (AN ∩B)||N ∩A||N ∩ (AN ∩B)| =
|N ||A∩B|
|N ∩A||N ∩B| .
By (ii) B ∩N  L. Clearly AN/N is a subgroup of G/N . Therefore we have
|A∩N | = |L|
e−1|A∩B|
de
.
This proves (iv). 
Lemma 5.4. If the group G is not almost simple and s is a prime divisor of the order of L, then
the following holds.
(i) |N ∩B|s ≡ 0 (mod |L|e−1s (ed)−1s ),
(ii) If s does not divide de, then |N ∩A|s ≡ 0 (mod |L|e−1s ),
(iii) In each case |N ∩A| |L|e−2.
Proof. Statements (i) and (ii) follow from Lemma 5.3.
(iii) Since |N ∩A| = |L|e−1(|A∩B|/de), for e ∈ π(L) we have by Lemma 3.6 that |L| de.
Hence in this case (iii) is proved. If e /∈ π(L), then e divides |A ∩ B| and again by Lemma 3.6
|L| d . This proves (iii). 
Lemma 5.5. The minimal counterexample G is almost simple.
Proof. Assume that G is not almost simple. Then e 2.
First let L  L2(q), where q = pm for some prime p. By Lemma 3.5 in this case d 
(q − 1,2) logp q and the order of a maximal nilpotent subgroup of L is at most q + 1. Let q
be odd. By Lemmas 2.5 and 5.3 we have
(q + 1)e  |N ∩A| (1/2q(q
2 − 1))e−1
2e logp q
.
Therefore
2e(q + 1) logp q 
(
q2 − q
2
)e−1
.
Clearly in this case e = 2 and 8(q +1) logp q  q2 −q . It is easy to check that q ∈ {5,7,9}. Note
that q = 3 since L2(3) is soluble.
Let q = 9. By Lemma 5.4 the order of N ∩ A is divisible by 32 · 5. Since the Sylow 3- and
5-subgroups of L are self-centralizing, we obtain a contradiction.
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centralizing. This case is excluded as above.
Hence q = 5. Then |N ∩ A| is divisible by 15. In this case |N ∩ A| = 15. By arithmetic we
have that d = e = 2 and |G| = 4 · 360. Then B  (D((A5)2)〈y〉)× 〈z〉, where y2 belongs to the
diagonal subgroup D((A5)2). Here D((A5)2) is the diagonal subgroup of N and z2 = 1. The
order of the subgroup A is 60. It is easy to see that G has no nilpotent subgroup A with this order
and |A∩N | = 15, a contradiction.
Now let q be even. Using the same arguments as above we obtain the inequalities
(q + 1)e  |N ∩A| (q(q
2 − 1))e−1
e log2 q
.
As in the previous case this leads to the inequality
2(q + 1) log2 q  q2 − q,
which implies that q = 4 and L  L2(5)  A5, a contradiction.
Now let L be either an alternating group or a group of Lie type not isomorphic to L2(q). We
show first that e = 2.
Recall that N = N1 ×N2 ×· · ·×Ne, where Ni  L. By Lemmas 3.2–3.4 there exists a prime
r dividing |L| such that |CL(t)|3 < |L| for every element t ∈ L of order r and the order of the
outer automorphism group is not divisible by r . Let U = N ∩ A. If |U ∩ Ni | ≡ 0 (mod r) for
every i  e, then |U | |L|e/3. It follows from Lemmas 2.5 and 5.4 that
|L|e−2 < |U | < |L|e/3,
i.e. e − 2 < e/3 and e 2.
Hence we may assume that |U ∩ N1| ≡ 0 (mod r). If |N1Ni | ≡ 0 (mod r) for some 2 i 
e, then UN1Ni/(N1Ni) has order divisible by |L|e−1r /(e, r). Since |N/(N1Ni)|r = |L|e−2r we
have that e = r divides |L|. In this case it follows by Lemmas 3.2–3.4 that |UN1Ni/(N1Ni)| <
|L|(e−2)/3 and so by Lemma 5.4(iii)
|L|e−2 < |U | < |L|(e−2)/3+2.
Hence e 3. Since the number r is more than 3, this is a contradiction. Hence (r, e) = 1. There-
fore we may assume that |N1Ni ∩U |r > 1 for every i  2. As above we have
|L|e−2 < |U | < |L|(e−1)/3+1.
In this case also e 3.
Let p be a prime divisor of |L| such that p > 3 does not divide |CL(t)| for an element t ∈ L
of order r and let L be either a sporadic or an alternating simple group.
If L is sporadic, then by Lemma 3.3 it is enough to choose any p = r and p > 3. If L is
an alternating group of degree n  7, then we find a prime n/2 < p  n by Lemma 2.2. In
both cases p does not divide |UN1/N1|, and r divides |(UN1 ∩ NiN1)/N1| for i = 2,3. Hence
|U |p = |U ∩N1|p . On the other hand,
|U |p ≡ 0
(
mod |L|e−1p
)
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For the groups of Lie type, p is the characteristic of the field of definition of the corresponding
group, and dp divides (2 logp q)p for all groups with the exception of PΩ8(q). It is clear that
in the first case (ed)p divides (6 logp q)p  q and since |L|p  q2 we obtain a contradiction
by Lemma 5.4. In the second case we have (ed)p  q2 and since (ed)p  18 logp q we have
|L|p = q12 and obtain a contradiction in the same way.
Now consider the case e = 2. If L is a sporadic simple group, then the centralizer of an
element of order r is of order r , and d  2. Without loss of generality we may assume that r
divides |UN1/N1|. Hence |U ∩N1| |L|/4p. It follows from [6] that this is impossible.
Let L be an alternating group of degree n 7. In this case we may choose primes p and r such
that p, r  n/2. Hence there is no element of order pr in L. Without loss of generality we may
assume that r divides |UN1/N1| and p divides |U ∩N1|. Lemma 3.4 yields that |U | |L|2/3. By
Lemma 5.4 it follows that |L|/4 |L|2/3. Hence |L| 64. Since n 7, this is a contradiction.
It remains to consider the case that L is a simple group of Lie type over a field GF(q) of
characteristic p, and r is a special prime as defined above. We may assume that r does not
divide |U ∩N1|. Hence |UN1/N1| |T |, where T is the centralizer of some element of order r .
By Lemma 3.7 |U ∩ N1|  |U : P |, where P is a Sylow p-subgroup of L. It follows from
Lemma 5.3(iv) that
|T ||L : P | |U | = |L|/(2d),
where d divides |Out(L)|. This implies
|P | 2d|T |.
Now it is easy to prove that this is impossible.
Indeed, if L = Ln(q), n 3, (n, q) = (3,4) and (n, q) = (6,2), then |T | = qn−1(n,q−1)(q−1) and
d  2(n, q−1) logp q . This implies that qn(n−1)/2 < q
n−1
q−1 4 logp(q). Since 2 logp q  q , we have
n 4.
The case n = 4 is impossible by arithmetic. If n = 3 and q = 4 or if n = 6 and q = 2, then
there is only the possibility q = 4, since the case L = L3(2)  L2(7) was ruled out above. But
simple calculations show that q = 4 is also impossible.
If L = Un(q), then |T | = qn+1(n,q+1)(q+1) for odd n and |T | = q
n−1+1
(n,q+1) for even n. Thus we obtain
the inequality
qn(n−1)/2  q
n + 1
q + 1 4 logp q
for odd n and
qn(n−1)/2 
(
qn−1 + 1)4 logp q
for even n. Simple calculations show that this is impossible if n 3.
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= (3,2), n 3. Then |T | = q
n+1
(2,q−1) and |P | =
qn(n−1) in the first case and |P | = qn2 in the second. Therefore
qn(n−1)  |P | |T |2d  2 q
n + 1
(2, q − 1) (2, q − 1) logp q  q
n+4.
This implies n 3 which we do not have. The case n = 3, q = 2 for L = Sp6(2) can be handled
similarly.
Let L = PΩ+2n(q), n 5. Then as above we have
qn(n−1) = |P | |T |2d  2(qn−1 + 1)(q + 1)(qn − 1,4)2 logp q  qn+5.
It follows that n 4, a contradiction.
Let n = 4. As above we have
q12 = |P | |T |2d  12(q3 − 1)(q − 1)(qn − 1,4)2 logp q
 96q4 logp q  q11.
Let L = PΩ2n+1(q). As in the previous cases we obtain
qn
2  |T |2d  8 logp q
(
qn + 1) qn+4
in view of Lemma 2.7. Thus n = 2. But PΩ5(q)  PSp4(q) and this case was already dealt with.
Thus L is not a classical group.
The case that L is an exceptional group can be handled even easier, and we leave the calcula-
tions for the reader. The lemma is proved. 
6. Proof of the theorem
Now we may assume that the minimal counterexample G = AB is almost simple and N = L
is a non-abelian simple group. Thus L  G  Aut(L). Recall that the subgroup A is nilpotent
and z is an element of a prime order e in Z(B). Clearly L is one of the groups in Lemma 2.12.
Moreover, by Lemma 5.1 we have G = BL, and the factor group G/L is nilpotent.
Lemma 6.1. If a Sylow r-subgroup of G is cyclic and r /∈ π(Out(L)), then r ∈ π(B) \ π(A).
Proof. Suppose that r ∈ π(A). By Lemma 2.10 the element z is in Or ′(G). Hence LOr ′(G)
and r ∈ π(Out(L)). This contradiction proves the lemma. 
Lemma 6.2. If L contains a self-centralizing cyclic Sylow r-subgroup, then r or e belongs to
π(Out(L)).
Proof. Assume that neither r nor e belong to π(Out(L)). By Lemma 6.1 r ∈ π(B)\π(A). Hence
z centralizes a Sylow r-subgroup of G and z ∈ L∩B . It follows that e = r , and by Lemma 2.10
z ∈ Or(Z(B)) belongs to an r-soluble normal subgroup of G. This is a contradiction, since
|L| ≡ 0 (mod r) and L is a simple group.
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subgroup of the factorized group G = AB and B is the subgroup with non-trivial center. By
Lemma 6.1 the special prime r divides the order of B .
We also remark that for the maximal subgroups A and B in the Tables 1–6 in [20] the corre-
sponding factors A ∩ L and B ∩ L are determined only up to a large normal subgroup of these
groups. However in most cases there is also a maximal torus of a simple or an almost simple
group giving more precise information on the “top” of this group by the Frattini argument (see
Lemma 2.3 above). 
Sporadic simple groups
Lemma 6.3. L is not a sporadic simple group.
Proof. If L is one of the groups M11, M23, M24, Ru, Fi23 or Co1, then Out(L) = 1 and each of
these groups has a cyclic self-centralizing Sylow r-subgroup for suitable prime r (see [6]). This
contradicts Lemma 6.2.
By [24, Table IIa], for the remaining sporadic simple groups the prime r can be chosen as
follows: r = 11 for M12, r = 11,7 for M22, r = 11,23 for M23, r = 7 for J2, r = 7,11 for
HS, r = 17 for He, r = 29 for Ru, r = 11,13 for Suz, r = 17,23 for Fi23, r = 23 for Co1. By
Lemma 3.3 the order of the outer automorphism groups of a sporadic simple group is at most 2,
and so we may assume that |G : L| = 2. By Lemma 6.2 e = |z| = 2.
If L = M12, then it follows from [20, (62)], that G has no factorization of the required form.
If L = M22, then by [20, (6.3)], a maximal subgroup of G containing A has order 11 · (112 − 1),
and B has order divisible by 23. By Lemma 6.2 this is a contradiction.
If L = J2, it follows from [24, Table IIa], that the Sylow 7-subgroup of L is self-centralizing.
By [20, Chapter 6, Proposition], the order of a maximal subgroup of L whose order is divisible
by 7, is coprime to 5. But Sylow 5-subgroups of L are self-centralizing. Hence the order of A
divides 2 · 25 and |B| divides 26 · 33 · 7. Hence G has not the required factorization.
If L = HS, then by [24, Table IIa], the Sylow 7- and 11-subgroups of L are self-centralizing.
By [20, Chapter 6, Proposition and (6.7)], the maximal subgroup X of G containing B is iso-
morphic to M22.2 and the maximal subgroup Y of G containing A is of order 53 · 25. It follows
from [6] that every elementary abelian subgroup of L of order 25 is self-centralizing. Hence |A|
divides 50. Since |G : X| = 100, this is a contradiction.
If L = He, then by [24, Table IIb], the Sylow 17-subgroups of L are self-centralizing. It
follows from Lemma 6.2 that 17 ∈ π(B). By [20, Chapter 6, Proposition], we may assume that
L∩B  Sp4(4).2. Therefore |A| is divisible by 73 · 3. However by [6] the centralizer of a Sylow
7-subgroup of L contains no elements of order 3. This is a contradiction as above.
If L = Suz, then by [24, Table IIb], the Sylow 11- and 13-subgroups of L are self-centralizing.
It follows from Lemma 6.2 that the order of B is divisible by 11 · 13. Now we obtain a contra-
diction by (6.10) of [20]. 
Alternating groups
Lemma 6.4. L is not an alternating group of degree n 5.
Proof. Suppose first that n = 6 and L = A6  L2(9). By Lemma 6.1 the element z central-
izes an element of order 5. On the other hand, |Out(L)| = 4. There are 3 maximal subgroups
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a point in M11. Moreover, the centralizer of an element of order 5 in S6 has order 5. Hence
z ∈ Aut(L2(9)) \ S6 and e = |z| = 2. It follows from [6] that there is a unique involution in
Aut(L) centralizing a fixed element of order 5 in L. This element is contained in PGL2(9) and
its centralizer in L is of order 5. Hence |L ∩ B| divides 10. It is clear that G cannot have the
required factorization in this case.
Consider now the case n  5 and n = 6. It is well known that Aut(L)  Sn. By Lemma 2.2
there exists a prime p such that n/2 < p < n. By Lemma 6.1 the element z centralizes some
element of order p. Hence z fixes the subsets Δ and Ω \Δ, where Ω = {1,2, . . . , n} with |Δ| = k,
|Ω \Δ| = n− k, p = n− k. Clearly k < n/2. We see now that
CG(z) = B ⊆ (Sk × Sn−k)∩G = H.
Moreover, L ∩ H contains Ak × An−k which is normal in H . Since B  H we have H =
B(A ∩ H) by Dedekind’s law and H is a product of a nilpotent group A ∩ H and a group
B having z in its center. By the minimality of G we have that the normal closure of z in H
is a soluble group. Hence k  4. Since e = |z| is a prime, we have e = 2 or 3. On the other
hand, G = An or Sn, and so G is transitive on the subsets of Ω of size k < n/2. We know
that B = CG(z) fixes a subset of Ω of size k. Since G = AB , the subgroup A acts transitively
on the set of subsets of size k of Ω . Since A acts transitively on Ω and is nilpotent, it fol-
lows from Lemma 2.8 that π(A) ⊆ π(n). On the other hand, the order of A is divisible by
1/6n(n − 1)(n − 2), by 1/4n(n − 1) or by 1/8n(n − 1)(n − 2)(n − 3), because the centralizer
|CSn(z)| has order (n− 3)!3, (n− 2)!2 or (n− 4)!8 depending on the cycle structure of z. Hence,
π(1/6n(n− 1)(n− 2)) ⊆ π(n), π(1/4n(n− 1)), or π(1/8n(n− 1)(n− 2)(n− 3)) ⊆ π(n). This
is possible only when n 5. Hence n = 5, k = 2. In this case |A| is divisible by 10, a contradic-
tion. 
Exceptional groups
Lemma 6.5. L is not isomorphic to G2(q) or F4(q).
Proof. First assume that L = G2(q), where q is odd. It follows from [20] that q = 3m and |A∩L|
is divisible by the prime r which is primitive with respect to the pair {3,3m}, while |B ∩ L| is
divisible by the prime s which is primitive with respect to the pair {3,6m}. It is easy to see that
the corresponding Sylow subgroups of L are cyclic. By Lemma 6.1 we obtain a contradiction.
If L = G2(4), then by Table 5 of [20] one of the factors has order divisible by 7, while the
other has order divisible by 13. Lemma 6.1 yields a contradiction.
If L = F4(q), q = 2m, then by Table 5 of [20] the factor A ∩ L  Sp8(2) and the factor
B ∩L  3D4(2) or 3D4(2).3. As above we obtain a contradiction by Lemma 6.1. 
Linear groups
Lemma 6.6. L is not isomorphic to L2(q).
Proof. If q = pm, L = L2(q), then |Out(L)| = (2, q − 1)m. By Lemma 6.4 we may assume
that q = 4,5 or 9. Suppose that q = 7 or 8. Then L = L3(2)  L2(7) or L2(8). By Lemma 6.2
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centralizing. This contradicts Lemma 6.1.
If q = p  11, then the Sylow p-subgroup of L and PGL2(q) are self-centralizing. An appli-
cation of Lemma 6.2 yields a contradiction.
Thus we may assume that m > 1. In view of Lemma 2.1 there is prime s which is primitive
with respect to the pair {p,2m}. By Lemma 6.2 we may assume that s divides |B∩L|. A maximal
subgroup H of L such that s divides |H | has order 2(q +1) for even q and order q +1 for odd q ,
provided q  11. By Lemma 6.2 it follows that |B| divides 2(q + 1). Hence |A| ≡ 0 (mod q).
Since the Sylow p-subgroups of PΓ L2(q) = Aut(L2(q)) are self-centralizing this implies that
|A| = q . This contradiction proves the lemma. 
Lemma 6.7. L is not isomorphic to Ln(q) for n 3.
Proof. If n = 3 and q = 2, the statement follows from Lemma 6.6. If n = 3, q = 4 or n = 5,
q = 2 we obtain a contradiction by Tables 1 and 3 of [20] and Lemma 6.2. Note that L4(2)  A8
and this case was already considered in Lemma 6.4. Hence (n, q) = (3,2), (3,4) or (5,2).
By Lemma 2.1 there exists a prime r dividing qn −1, q = pm, which is primitive with respect
to the pair {p,mn}. By Lemma 6.2 the order of B is divisible by r . By Table 1 of [20] we have
the following two possibilities for a subgroup X of G∩L such that NL(X) contains B ∩L:
(a) X  (GLa(qb).b ∩ L̂)/T with some T  Z(L̂), where L̂ = SL(n, q), ab = n;
(b) X  PSpn(q) and n is even.
In both cases NL(X) = XNL(R), where R is a Sylow r-subgroup of L (which is also a Sylow
subgroup in X) by the Frattini argument. On the other hand, CL(R) is normal in NL(R) and
coincides with a Singer cycle of L. This implies that the index of NL(X) in L is divisible by q .
Since G = AB = ANG(X) it follows that |A ∩ L| is divisible by p. But since A is a nilpotent
group, A∩L is contained in some p-local subgroup of L. By Table 1 of [20] A∩L is a subgroup
of a maximal parabolic subgroup P1 or Pn−1 of L.
Consider first case (a). If n is a prime, then X  (GL1(qn).n ∩ L̂)/T . Since |G| di-
vides |A||B| and B  NG(X) the order of A is divisible by |G : NG(X)| which is equal to
f = qn(n−1)/2(qn−1 − 1) . . . (q − 1)/n (see the proof of Proposition A, Chapter 3 in [20]).
Since G = AB = AX it follows that |L ∩ A| is divisible by f
(f, |A/L|) . Clearly, |A/L| divides|G/L| = 2(q − 1, n) logp q .
If m = logp q = 1, then |A ∩ L| is divisible by the order of a Sylow p-subgroup of L. Since
a Sylow p-subgroup of a group of Lie type of characteristic p is selfcentralizing, this gives a
contradiction.
Hence m > 1 and by Lemma 2.1 the prime t which is a primitive divisor of qn−1 − 1 with
respect to the pair {p, (n− 1)m} is bigger than n. In this case |A∩L| is divisible by qn(n−1)/2t .
By Lemma 2.6 in [2] G has no nilpotent subgroup with this order.
We assume now that X is not isomorphic to (GL1(qn).n∩ L̂)/T . In particular n is not a prime.
Note that for every choice of the integers a, b such that ab = n, the order of a subgroup NG(X)
is not divisible by the prime s which is primitive with respect to the pair {p, (n − 1)m}. The
existence of s follows from Lemma 2.1, because n is not a prime except in the case that n = 4
and q = 4. Note that n 4. Prove that the Sylow s-subgroups of Aut(L) are cyclic.
Indeed, by Lemma 2.1 s  (n− 1)m+ 1 and s is coprime to q − 1. Hence s does not divide
2(q − 1)m = |Out(L)|. It follows that the Sylow s-subgroups of Aut(L) are also Sylow sub-
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(qn−1 − 1)/(q − 1, n) whose order is divisible by the order of a Sylow s-subgroup of L. Hence
the Sylow s-subgroups of Aut(L) are cyclic and we obtain a contradiction by Lemma 6.1.
If n = 4 and q = 4 then 7 is a divisor of 43 − 1 = 63 which plays the same role as the
primitive divisor of 63. Note that 7 does not divide the order of Out(L). Thus we may put s = 7
in this exceptional case. Thus the order of A is divisible by s, and we obtain a contradiction by
Lemma 6.1.
Consider now case (b). Then X = PSpn(q) with q even. It follows that n 4. Since the case
n = 4 and q = 2 was covered already by Lemma 6.4, we may assume that there is a prime s
dividing q(n−1)m − 1 which is primitive with respect to the pair {p, (n − 1)m}, except in the
case when q = 4 and n = 4. In the latter case we set s = 7. An inspection of the orders of X
and Out(L) shows that s does not divide |B|. Hence s divides |A|. Since the Sylow s-subgroups
of Aut(L) are cyclic, we again obtain a contradiction by Lemma 6.1. 
Unitary groups
Lemma 6.8. L is not isomorphic to Un(q) for odd n.
Proof. By [20] we must show that L is not isomorphic to U3(q) for q = 3,5 or 8 and not to
U9(2).
Using Table 3 of [20] and Lemma 6.1 we see that in all these cases L∩A is a subgroup of the
maximal parabolic subgroup P of the corresponding group, and B ∩L is a simple subgroup of L
containing a Sylow 7-subgroup of L. It follows that the order of one of the factors of the group
L = U3(8) is divisible by 7 and the other by 17. This contradicts Lemma 6.1.
If L is isomorphic to U9(2), then by Lemma 2.4 we have
|G/L| = |L||A∩B||L∩A||L∩B| .
This implies that
|L∩A| |L : L∩B||G/L| .
By Lemma 3.7 we obtain |L∩A| |L : U |, where U is a Sylow p-subgroup of L. Therefore for
the group L = Un(q) we have the inequality:
|L : U | |L : L∩B|
2(q + 1, n) logp q
,
which is equivalent to the inequality:
|L∩B|(2(q + 1, n)) logp q  |U |.
Using Table 3 of [20] for L = U9(2) we obtain the following:
2 · (9,2 + 1)|J2| = 6 · 27 · 33 · 52 · 7 236,
which is not the case.
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|A∩L| = |L||A∩B||B ∩L||G/L| .
If L = U3(5), then by Lemma 6.2 and Table 3 of [20] we have that
|A∩L| = 2 · 5
2|A∩B|
|G/L| .
Since the Sylow 5-subgroups of L are self-centralizing and A∩L is not a 5-group in view of
Lemma 2.11, it is clear that 53 does not divide |A ∩ L|. On the other hand, by Lemma 2.9 the
group A is non-abelian. Hence we may assume that |A∩L| has even order. A direct calculation
shows that the centralizer of an elementary abelian subgroup of order 25 in L is a 5-group. This
excludes the case L = U3(5).
If L = U3(3), then by Lemma 6.2 and Table 3 of [20] B ∩ L is a subgroup of a maximal
subgroup H of G such that H ∩ L  L2(7). Clearly, the outer automorphism group of L has
order 2. Since H = B(H ∩ A) is a product of a group with non-trivial center and a nilpotent
group, then z ∈ H \ (H ∩L). By the minimality of G we obtain that z ∈ S(H), and this implies
H  L2(7) × 〈z〉. Hence z induces an outer automorphism of L with a fixed-point subgroup
isomorphic to L2(7). By [6] this is impossible. The lemma is proved. 
Lemma 6.9. L is not isomorphic to Un(q) for even n.
Proof. Consider first the cases which are listed in Table 3 of [20]. Let L = U4(2)  Sp4(3) 
O−6 (2)  O5(3). The order of L is 26 · 34 · 5. It follows from Lemma 6.1 that |B ∩L| is divisible
by 5. There are exactly two classes of maximal subgroups in L up to isomorphism with this
property. These are the following: a group K1  S6 and a group K2 which is an extension of
an elementary abelian group of order 16 by A5 (see [6]). The Sylow 5-subgroups of L are self-
centralizing. Therefore |G/L| = 2 = |Out(L)|. Note that in this case e = |z| = 2 and z induces a
field automorphism on L. A corresponding subgroup which is centralized by z is K1 [6]. Hence
|G : B| = 22 · 32 · |A∩B|. By Lemma 2.9 the group A is not abelian. Since L is a group both of
characteristic 2 and of characteristic 3, and A ∩ L is a nilpotent group whose order is divisible
by 6, then the subgroup A is nilpotent of order at least 22 ·32 and is isomorphic to a subgroup of a
maximal parabolic subgroup of U4(2) and of PSp4(3). The inspection of the maximal subgroups
of L in [6] shows that this is not the case. Hence L is not isomorphic to U4(2).
Suppose that L = U4(3)  O−6 (3) is of order 27 · 36 · 5 · 7. It follows from Lemma 6.1 that 5
and 7 both divide |B|. Hence by [20] and [6] we see that there is only one maximal subgroup of L
with this property, namely L ∩ B  L3(4) = H . Since the element z centralizes some subgroup
of L whose order is divisible by 35 we must have that z ∈ Aut(L) \L. Clearly, z is an involution
(recall that |Out(L)| = 8) and CL(z)  H . By [6] there is no such automorphism of L. Hence L
is not isomorphic to U4(3).
Consider next the case L = U6(2) of order 215 ·36 ·5 ·7 ·11. It follows from Lemma 6.1 that the
order of B ∩L is divisible by 385. An inspection of the maximal subgroups of L (see [6]) shows
that there is up to isomorphism only one class of maximal subgroups of L with this property,
namely M22 with order 27 ·32 ·5 ·7 ·11. Moreover, this is also minimal with this property. Hence
B ∩ L  M22 and z ∈ G \ L is of order 2 or 3 centralizing this subgroup. However L has no
automorphism with this property (see [6]).
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from [20, Tables 1 and 3], that one of the maximal factors appearing in the maximal factorization
G = XY , X say, has the property X∩L = N1  U2n−1(q). There is a prime s which is primitive
with respect to the pair {p, (4n − 2)m}. By Lemma 6.1 this means that s divides |B|. Since the
Sylow s-subgroups of L are cyclic, it follows that X contains B . Hence G = AX, where A is
a nilpotent subgroup of G. But there is also a prime r dividing q2n − 1 which is primitive with
respect to the pair {p,2nm} and which does not divide |X ∩B|. Hence |A| is divisible by r and
we obtain a contradiction by Lemma 6.1. 
Symplectic groups
Lemma 6.10. L is not isomorphic to PSp2n(q).
Proof. Consider first the case L = Sp4(q) with q = 2m even, where the factors are as in Table 2
of [20]. Note that L∩B H = Sz(q) = 2B2(q), whereas the other factor is a nilpotent subgroup
such that A ∩ LO+4 (q). The order of H is q2(q − 1)(q2 + 1). Therefore the order of A ∩ L
is divisible by q2(q2 − 1)(q + 1)/|G : L|. Since A ∩ L is a subgroup of L2(q) × L2(q) and
|Out(L)| = 2m, it follows that G cannot have the required factorization in this case.
Assume that L = PSp6(q) with q = 2m, where one of the factors is H  G2(q) as in Table 2
of [20]. Since |H | is divisible by a prime which is a primitive with respect to the pair {2,6m},
it follows from Lemma 6.1 that B ∩ LH and the other factor A is nilpotent. It is easy to see
that |A ∩L| = q3(q4 − 1) divides |A|. Moreover, the order of A is divisible by a prime s which
is primitive with respect to the pair {2,4m}. This contradicts Lemma 6.1.
Consider now the exceptional factorizations of PSp2n(q) as in Table 3 of [20]. The group
L = PSp4(3) was dealt with before, since it is isomorphic to U4(2). If L = PSp6(3), then the
prime divisor r = 13 of 33 − 1 is primitive with respect to the pair {3,3} and divides the order
of the maximal subgroup H of L which is isomorphic to L2(13). Moreover, B ∩ L  H in
view of Lemma 6.1. But in this case 5 ∈ π(A) and the Sylow 5-subgroups of G are cyclic. By
Lemma 6.2 this yields a contradiction. The other possibility for L as in Table 1 of [20] can be
treated similarly.
Suppose that L = Sp8(2). By Lemma 6.1 the prime r = 17 divides |B|. The factorizations
of L = Aut(L) = G with a maximal subgroup H  B whose order is divisible by r give the
following possibilities [20, Tables 1 and 3]: H  O−8 (2), Sp4(4).2, or L2(17).
Since a Sylow 7-subgroup of L is of order 7 by Lemma 6.1 the order of a maximal subgroup
containing B will be divisible by 7. Hence H  O−8 (2). On the other hand, since L = AB and
H  B by Dedekind’s law the group H = (A ∩H)B is a product of a nilpotent subgroup and a
group with the non-trivial center. Using Lemma 6.1 an inspection of the subgroups of O−8 (2) in
[6] shows that this is impossible.
Now we may assume that L = PSp2n(q)  G  Aut(L) with q = pm has a factorization as
in Table 1 of [20]. Moreover, n 3 and n 5 if q = 2. In this case there is a prime r dividing
q2n − 1 which is primitive with respect to the pair {p,2mn} and a prime s dividing q2n−2 − 1
which is primitive with respect to the pair {p,2(n − 1)m}. By Lemma 6.1 we may assume that
r and s divide |H ∩ L| for some maximal subgroup H of G containing B . It follows from [20,
Proposition 2.5], that H ∩L  O−2n(q) and q even and L = Sp2n(q). Note that |Out(L)| = m =
log2(q) in this case. The group G = HK = AB is the product of two maximal subgroups H
and K of G containing B and A, respectively. Since H = B(A ∩H) by Dedekind’s law, by the
minimal choice of G we have z ∈ S(H). Since H ∩L is irreducible on its natural L-module, its
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fixed-points containing O−2n(q). By Lemma 3.8 z is a field automorphism of L. Hence the set of
its fixed points is a symplectic group over a proper subfield of the field GF(q) (see for instance
Lemma 3.9). This contradiction proves the lemma. 
Odd-dimensional orthogonal groups
Lemma 6.11. L is not isomorphic to PΩ2n+1(q), n 3, with q odd.
Proof. In view of the isomorphisms Ω5(q)  PSp4(q) and Ω2n+1(q)  Sp2n(q) for even q we
may assume that n 3 and q = pm is odd. By Lemma 6.1 the prime r dividing q2n − 1 which is
primitive with respect to the pair {p,2mn} divides |B ∩L|.
Suppose that L = Ω7(q) with q > 3. Let s be a prime which is primitive with respect to the
pair {p,4m} and B ∩ L  H  G2(q). Then s does not divide |H |. But it is obvious that the
Sylow s-subgroups of G are cyclic. By Lemma 6.1 we obtain a contradiction.
If H  Ω−6 (q), let s be a prime which is primitive with respect to the pair {p,3m}. Then we
obtain a contradiction as above.
If q = 3, then 13 = r divides the order of one of the maximal factors and 5 = s divides the
order of the other. By Lemma 6.1 we obtain a contradiction.
The other cases in Tables 2–3 of [20] for the group L = PΩ2n+1(q) can be treated by the
arguments below.
Now by [20] we may assume that the prime r divides the order of the subgroup B ∩LH ,
where PΩ2n(q) is normal in H . By [20, (3.4)], we have |G : B| = 12qn(qn − 1). Let the prime
s be primitive with respect to the pair {p,mn}. It follows that |A ∩ L| is divisible by sqn−1.
If n is odd, then the Sylow s-subgroups of L are cyclic. Moreover, by Lemma 2.1 we have
s  n+ 1. Hence s does not divide |Out(G)|. By Lemma 6.1 this is a contradiction. If n is even,
this contradicts Lemma 4.6. 
Even-dimensional orthogonal groups of type O−
Lemma 6.12. L is not isomorphic to PΩ−2n(q).
Proof. It follows from [20, Tables 1 and 3] and Lemma 6.1 that there is only one maximal
subgroup M of L containing B ∩L. M contains a normal subgroup isomorphic to Ω2n−1(q). In
this case there exists a prime s which is primitive with respect to the pair {p,2mn} and which
does not divide the order of a maximal subgroup of G containing B ∩L. Hence this case cannot
occur. 
Even-dimensional orthogonal groups of type O+
Lemma 6.13. L is not isomorphic to PΩ+8 (q).
Proof. Consider first the cases listed in Table 4 of [20]. If L = Ω+8 (2), then |L| = 212 · 35 · 52 · 7.
Recall that Out(L)  S3. By Lemma 5.1(iv) the group G/L is nilpotent. By Dedekind’s law the
maximal subgroup X of a group G containing B has a non-trivial soluble normal subgroup which
contains Z(B). Using Lemma 6.1 we may suppose that 7 divides |B|. For all the cases listed in
Table 4 of [20] the possible maximal factor containing B ∩ L is a simple group isomorphic
94 B. Amberg, L. Kazarin / Journal of Algebra 311 (2007) 69–95to Sp6(2) or A9. Therefore z ∈ G \ L induces an outer automorphism of L. Thus |G/L| = 2
or 3. If B ∩ L  Sp6(2), then the index of X ∩ L in L is equal to 23 · 3 · 5 = |G : X|. Hence
|A : A∩X| = 23 · 5 · 3. By Lemma 2.4 we have
|G/L| = |L||X ∩A||X ∩L||A∩L| .
Therefore
23 · 3 · 5|A∩X| = |G/L||A∩L|.
It follows from Lemma 4.5 that there is no nilpotent subgroups in L of order 23 · 5. Hence
|G : L| = 2 and |A ∩X| is odd. By Lemma 4.4 the group A ∩L is abelian with cyclic Sylow 3-
and 5-subgroups. Since A is nilpotent, the subgroup A∩X is a normal in A. Therefore A∩X = 1.
Let P be a parabolic subgroup of L containing A∩L. Since L = (L∩X)P by [20] it follows that
L∩X∩P = S is a maximal parabolic subgroup of L∩X  Sp6(2). Hence S is isomorphic to an
extension of a group of order 26 by L2(7). On the other hand, P/O2(P )  L4(2), and this group
has a self-centralizing subgroup of order 15. Considering the maximal subgroups of L and the
automorphism group of type L.2 from [6] we see that there exists only one maximal subgroup
of G containing A, namely 26 : S8. This group has no nilpotent subgroup of order 23 · 3 · 5. Note
that this case is also excluded in [20, (5.1.15)]. Suppose now that B ∩L A9 = M G. Since
|A9| = 34 · 27 · 5 · 7, it follows that |G : M| ≡ 0 (mod 24). Hence |A ∩ L| ≡ 0 (mod 40). This
contradicts Lemma 4.5.
Now let L = PΩ+8 (3). Then the only maximal subgroup whose order is divisible by 7 and
13 in L for which a maximal factorization exists, is M  Ω7(3). The index of this subgroup
in L is t33(34 − 1), t = 1/2. By Lemma 6.1 we may assume that B ∩ L M . Since M is a
simple group containing B ∩ L, it follows that z induces an outer automorphism of L such that
M〈z〉 = B(M〈z〉 ∩A) has a non-trivial normal subgroup containing z. Thus z centralizes M . By
[6] this is not the case.
Now let q  4, r be a prime which is primitive with respect to the pair {p,6m}, and let s be
a prime which is primitive with respect to the pair {p,3m}. It follows from Lemma 6.1 that rs
divides the oder of B . Hence the only possibility for a maximal subgroup M of L containing
B ∩ L is M  Ω7(q). Since |L : L ∩ M| ≡ 0 (mod q3) it follows that |A ∩ L| ≡ 0 (mod q3s).
But this contradicts Lemma 4.5. 
Lemma 6.14. L is not isomorphic to PΩ+2n(q), where n 3.
Proof. Let r be a prime which is primitive with respect to the pair {p,2(n − 1)m}, and s be
a prime which is primitive with respect to the pair {p,nm}. It follows from Tables 1–4 of [20]
that there is only one maximal subgroup M of L containing an element of order r yielding the
required factorization of G. This can only occur when M has a normal subgroup isomorphic
to the stabilizer of a one-dimensional subspace. By [20, (3.6.1)], the index of this subgroup
in G is |G : M| = tqn−1(qn − 1) where t = (q − 1,2)−1. This implies that |A : A ∩ M| ≡
0 (mod qn−2ps). By Lemma 4.6 this is a contradiction. 
The theorem is proved.
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